
Technical Note 
One-dimensional, steady vertical flow in a layered 
soil profile 

A. ~,V. Warrick and T. -C.  Jim Yeh 

Department o f  Soil and Water Science and Department o f  Hydrology and Water 
Resources, University o f  Arizona, Tucson 85721, USA 

Vertical soil water flow is analyzed for steady-state conditions through stratified profiles. All 
steady-state conditions are considered including upward flow (evaporation) and downward 
flow (infiltration) for an arbitrary number of layers of different materials. An algorithm is 
developed utilizing both analytical and numerical techniques, but perhaps more importantly, 
the framework provides a qualitative assessment somewhat independent of the mathematical 
description. Three examples are given including comparisons to earlier experimental results. 
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I N T R O D U C T I O N  

One-dimensional vertical flow is of  importance for 
infiltration as well as for evaporation from shallow 
water tables. For steady state conditions Darcy's law 
gives 

f /' dh 
z - zi = - (1) 

h, i + ( q l X )  

where z is elevation, h is the pressure head, h = hi at zi, 
q is the Darcian velocity and K(h) the unsaturated 
hydraulic conductivity function. The velocity q will be 
positive for evaporation and negative for infiltration. 
The h will have units of  length and will be negative 
when suction conditions exist and zero or positive 
otherwise. Generally, h will be negative for unsaturated 
conditions, and positive for saturated conditions, 
although h can be negative when the 'air-entry value' 
has not been exceeded for saturated conditions. In this 
analysis, the functional relationship of K to h will vary 
with position in the profile, but hysteresis will not be a 
factor as K will be assumed defined for all depths for 
a steady condition. Any past history would be taken 
into account by the defined conductivities. 

There exists a vast body of literature for infiltration 
which may be located, for example, in the proceedings 
of  recent conferences ~'z. For downward flow (steady 
infiltration) previous studies were made by Tagaki 3, 
Zaslavsky ~, Bear 5 and Srinilta et al. 6. Generally, they 
consider two-layered systems and discuss the pressure 
head development as a function of flow rate and 
whether a lower permeability layer overlies a less 
permeable region or vice versa. Srinlita et al. present 
experimental results for several such combinations in 
laboratory columns. 

Other examples of analyses of  heterogenous profiles, 
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but primarily for time-dependent cases, are by Raats 7 
and Sisson s. Zaslavsky and Sinai 9 studied unsaturated, 
steady flow in sloping, layered soil. Stephens and Heer- 
mann to investigated the dependency of anisotropy on 
saturation in stratified sand. Recently, Yeh ~1 analyzed 
a multi-layered system for steady conditions with an 
interest in testing results against equivalent homo- 
geneous systems. 

For evaporation,  Gardner and Fireman t2 developed 
a solution for flow upward from a shallow water table 
in a uniform soil profile. This was extended to a two- 
layered system by Willis ~3 and experimental results pre- 
sented. Ripple et al.~4 extended Gardner 's  results to 
additional relationships for K and demonstrated how 
soil-water evaporation rates depend on potential evap- 
oration, water table depth and vapor transfer along 
with the soil parameters.  More recently, Warrick t5 
extended the Gardner results to even more conductivity 
relationships. 

An objective of  the present study is to develop an 
algorithm valid for all one-dimensional, steady vertical 
flow conditions through a profile consisting of any 
number and combination of layers, upward or down- 
ward flow and with prescribed head or flux boundary 
conditions. Assumptions include isothermal and single- 
phase (liquid) flow based on equation (I). The emphasis 
will be on analytical expressions, although the 
numerical evaluation of equation (1) will be performed 
in one of the examples. 

T H E O R Y  

Consider, as in Fig. 1, pressure head in a homogeneous 
profile as a function of elevation for four cases: 

Case 1. q <  0 and I K/q] > 1 (infiltration) 
Case 2. q <  0 and ]K/q]< 1 (infiltration) 
Case 3. q < 0  and ]K/q I = 1 (infiltration) 
Case 4. q/> 0 (evaporation or no flow) 
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Fig. 1. Possible types o f  curves f o r  z - zi vs. h. Case 
4 corresponds to equilibrium conditions as well as 
up ward f l ow  

These encompass all possible steady-state cases for both 
saturated and unsaturated conditions. In the in- 
equalities, K is the unsaturated conductivity and gener- 
ally varies along the profile. The exact shapes and 
features of the four cases are quite different. For Case 
1, dh /dz  is negative (see Fig. 1) and will remain so for 
the entire layer, regardless of  how thick it is. If  the layer 
extends sufficiently upward, the value of h will 
approach the asymptote (line labelled CE in Fig. 1) 
defined by K ( h ) =  - q .  Curves AC and DE are typical 
h profiles. When h is greater than the air entry value 
(ha), K is the saturated conductivity; when hi is less 
than hb, K is less than the saturated value. Also, the 
profile within the layer is totally defined by equation 
(1), given the pressure head at the lower elevation of the 
profile (hi), the unsaturated hydraulic conductivity 
function for the layer Ki(h)  and the flow q. 

For Case 2, dh[dz  is positive and h increases with 
elevation. As before, the slope is constant provided 
h > h~,. If  the saturated value of K is greater than - q ,  
then an asymptote will be approached (such as Point B 
of Case 2) otherwise, the pressure head h will increase 
linearly if the layer extends to sufficiently large values 
of  z - z i  that saturation occurs (cf. AC and DE of 
Case 2). 

For Case 3, the value of dh/dz  is zero and conse- 
quently, h is constant. For I q l  less than the saturated 
K, profiles similar to AB will result with h < 0. If I q] 
is equal to the saturated K then a profile such as CD will 
develop with h ~> 0. 

For evaporation (Case 4), q is positive (or zero) and 
dh/dz  will be negative. In this case, a maximum for 
z -  zi (along BD) will be reached. This corresponds to 
the water table depth of  Gardner ~'-, which is the 
limiting value in equation (1) when h approaches - co. 
If h is positive at z = zi, then BC could be the result; 
otherwise AB may be typical or in the case of no flow 
the slope will be a constant - 1. 

For a stratified profile, we consider z = Zo, z, ..., z , -  ,, 
z,,, corresponding to pressure heads h = ho, h . . . . .  h,,_ z, 
h,, where 

K ( h ) =  Ki(h)  z i - l  < z < zi 

i = 1 . . . . .  n (2) 

As the profile in any layer is totally defined by q, K and 
h at the lower elevation, a stratified h profile is equiv- 
alent to solving for separate curves (as in Fig. 1) and 
matching at common points hi ( i=  1 . . . . .  n - 1 ) .  For 
example, consider Kt.sat > [ q l > K2,sat  where Kt.sat and 
Kz.sa, are the corresponding saturated conductivities. If 
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Fig. 2. Profile o f  h vs. z f o r  Example  1 o f  15 cm o f  
Clarion overlying 122 cm o f  Haegener  

h = 0 at z = Zo, then the resulting composite profile may 
be similar to part of Curve AC of Case 2 overlying 
Curve AC of Case 1 from Fig. 1. Such a condition is 
depicted in Fig. 2 and is equivalent to Fig. 9.4.17 of 
Bear s. The pressure at z = z2 (the uper surface) is totally 
defined by q, z =  Zo, Kt(h)  and K2(h).  The problem is 
taken as an 'initial-value' or a 'boundary  value'  
problem in accordance with whether q is given and the 
resulting h,, calculated or whether h,, is given and q cal- 
culated. The two alternatives are fully equivalent, so 
the choice is arbitrary. 

NUMERICAL CALCULATIONS AND EXAMPLES 

The necessary steps for calculations are the following: 

1. Specify input. These include the number of  layers n, 
the depths defining the layers zo, z~,zz . . . . .  zn, the 
conductivity functions K l ( h ) , K z ( h )  . . . . .  Kn(h),  the 
Darcian velocity q and the lower boundary value h0. 

2. Set i = 0. 
3. Find hi+ t f rom 

.h,_, dh 
z i + 1  - z i  = - ( 3 )  

h, 1 + (q /K)  

(Have Case 1 if Ki(hi)  > - q  > 0; 
Case 2 if - q  > Ki(hi); and 
Case 3 if - q  = gi(hi) 
Case 4 if q > 0). 

4. Set i = i + l  and repeat Step 3 until h,  has been 
evaluated. 

If h for intralayer points are sought, then use equation 
(1) with the known values of zi. If  h, is given rather 
than q, then use the 'ballistic' method ~6 or other 
techniques. 

Some closed forms, relevant to equation (1), are 
given as Table 1. The forms for K were given by 
Gardner Iz. He gave the solutions for evaporation 
(q > 0) and for an exponential K and for the second 
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Table 1. Useful conductitivy functions and integrals 

K(h) z + Const .  

I. a exp(bh)  

c1 

b+(-h)" 

- h -  b -~ l n [a+qexp( -bh) ]  

" du 
~-~i~/c~!' " l + u  ~ 

u = ! c,/3 ! t~"( -/7) 

c~=q/a ~=(qb/a)+ l 
qo~l~ = +1q~1~1 
q~[# > 0 see Gradshteyn and Ryzhik ~s 

equation (2.141)-(2.142) for all integer n 
qe@3 < 0 see Gradshteyn and Ryzhik ~s 

equation (2.143) 

form when n = 1.5, 2, 3 and  4. Ripple  et al. t4 presented  
results for q > 0 and integer n for the second form.  

The  d e n o m i n a t o r  o f  equa t ions  (1) and  (3) can 
a p p r o a c h  zero as shown in Fig. 1 a long A C  of  Case 1 
or  AB of  Case 2. For  these condi t ions  

K(h*  - 6) = / q / -  6K'  + 0(6 z) (4) 

where K ( h * ) =  I q I, 6 = h * - h  and K '  the first deriva- 
tives of  K eva lua ted  at h*, signifies a r ema inde r  of  o rde r  
6 z. For  these condi t ions ,  equa t ion  (1) reduces to 

z - zi = [q/K'lln(6[6i) (5) 

with 6~ = h * -  h~. The  er ror  o f  using equa t ion  (5) is of  
the o rder  1 6 -  6il .  

Example 1. Clarion sandy clay loam overlying a 
Hagener sand (Srinilta et al.  6) 

Ca lcu la t ions  were p e r f o r m e d  for 15 cm of  Cla r ion  
sandy  loam over lying 122 cm of  Hagener  sand.  The  
hydraul ic  funct ions  chosen were af ter  Sr ini l ta  et al. 
using the second form of  Tab le  I: 

C la r ion  sandy  loam 
K, = 3.91 b - -  (4.2)(10) 4 o~ = 3.36 

Hagener  sand 
K ~ = 1 6 . 7  b = ( 1 . 2 8 ) ( 1 0 )  6 cz=5 .118  

where K, is in cm/h and a = bK,. 
The result ing profile for q = - 8 . 9  cm/h is given in 

Fig. 2 a long with the exper imenta l  points  6. For  the 
lower par t  ( 0 - 1 2 0 c m ) ,  [ q / K ~ t ] = 8 . 9 [ 1 6 . 7 < l  and h 
decreases with e levat ion  in a manne r  s imilar  to DE of  
Case 1 in Fig. 1. A b o v e  120cm for the Cla r ion ,  
I q/K~,[ = 8 . 9 / 3 . 9 >  1 and h increases in a manner  
s imilar  to A C  of  Case 2 in Fig. 1. 

Example 2. Downward f low through layers o f  sand 
and loam 

Addi t i ona l  profiles are shown in Fig. 3 using the 
hydraul ic  conduc t iv i ty  funct ions  o f  Willis ~3, bo th  of  
the second form of  Table  1 with 

a = (170)(10) 6 b = (2.5)(10) 6 n = 4 (sand) 

and 

a = 700 b = 1450 n = 2 (Diab lo  loam) 

where h is expressed as cm and the sa tu ra t ed  conduc-  
t ivi ty Ksa t  = a[b is expressed as cm/d.  Profi les  are 
p lo t ted  for  these s i tua t ions  for  10 cm of  p o n d e d  water  
on the surface.  The  curve label led A is s imi lar  to the 
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Fig. 3. Profile o f  h vs. z for  Example 2 o f  loam and 
sand layers. For Curve A there are 40 cm o f  loam over 
560 cm o f  sand and q is - 1.05 cm[ d," for  Curve B there 
are 20 cm o f  loam over 280 cm o f  sancl and repeated 
with q of  - 1.70 c m / d ;  and for  Curve C there are 20 cm 
o f  sand overlying 560 cm o f  loam and q is 0.526 cm/ d 

previous  example  with the 40 cm of  the loam overlying 
560 cm of  sand.  F r o m  the top,  the h value decreases to 
the interface,  then is near ly  cons tan t  th rough  the sand 
(h is a p p r o x i m a t e l y  - 110 cm for which K cor responds  
to q = - 1.05 c m J d  and finally increases back to h = 0 
at the base). The  second curve is for a four - layered  
system of  20 cm loam over 280 cm of  sand over 20 cm 
more  o f  loam and finally 280 cm of  sand.  The result ing 
q is - 1.70 cmJd.  The curves for each half  of  the profile 
are very s imilar  to that  for A with a sa tura ted  zone in 
the middle  where the 20 cm of  loam serve as an imped-  
ing layer.  Final ly ,  for the profile label led C, 40 cm of  
sand overl ies 560 cm of  loam.  In this case the pressure 
head h increases from the top  to the interface and,  in 
fact,  the ent ire  profile is sa tura ted .  Below the interface,  
the pressure  head h decreases and becomes zero at the 
lower b o u n d a r y .  The value o f  q = - 0 . 5 2 6 ,  which 
can be ca lcula ted  using the wel l -known compos i t e  
re la t ionship  for an effective K~,~t'7: 

K ' s a t  = ( L I  + L2)I[(L2/K2)+(LIIKI)] (6) 

For  this Case the effective conduct iv i ty  is 
600[ [(560/0.483) + (40/68)] = 0.517. This a long with an 
overal l  g rad ien t  o f  610/600 results in ] q l = 0.526 which 
is the same as found  with the ball is t ic  method .  

Example 3. Evaporation f rom layered soils for  a 
shallow water table (Willis13). 

Willis  examined  a two- layered  system of  sand over 
loam and  o f  l oam over sand.  In bo th  cases, evapora t ion  
was measured  as a funct ion of  water  table  depth  f rom 
50 to a m a x i m u m  of  268 cm. Hydrau l i c  conduct iv i ty  
funct ions  are the same as for Example  2. 

Theore t ica l  profiles are given for a 160 cm profile in 
Fig. 4. Curve A is for 80 cm of  loam over 80 cm of  
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Fig. 4. Profile o f  h vs. z f o r  evaporation at the soil 
sulface.  For descriptions o f  the f o u r  curves see 
E.vample 3 

sand,  Curve B is for 80 cm of sand over 80 cm of loam, 
Curve C for a four-layered system of 40 cm of loam 
over 40 cm of sand over 40 cm of loam over 40 cm of 
sand and Curve D the opposite.  Appropr ia te  integrals 
(see Table  1) are from Gradshteyn and Ryzhik ts (esp. 
equat ions  (2.141.2) and (2.141.4)). The results were 
ob ta ined  using the procedure in the previous section by 
solving as a bounda ry  value problem with the upper 
surface z =  160cm corresponding to the limit as 
h approaches negative infinity. As necessary, im- 
plicit forms of h as a funct ion of z were solved using a 
bisection technique t9 

S U M M A R Y  A N D  C O N C L U S I O N S  

One-d imens iona l  vertical flow has been analyzed based 
on an overview of typical curves which are defined by 
direct ion of flow, the lower bounda ry  condi t ions  and 
the a m o u n t  of flow. Analyt ical  expressions can be used 
for hydraul ic  conduct ivi ty  funct ions  when available - 
otherwise, numerical  integrat ions are appropria te .  

Three examples were presented. In Example 1, the 
experimental  results of  Srinil ta el al.6 were compared 
with the present solutions.  In Example 2, more complex 
examples were given for up to four layers, a l though 
addi t ional  layers could have been included with little 
difficulty. 

The advantage  of the proposed analysis over existing 
analytical  solut ions is that any n u m b e r  of layers may be 
included and addi t ional  conduct iv i ty  funct ions may be 
incorporated.  The advantage  over purely numerical  sol- 
ut ions is that analytical  solut ions may be incorporated 

as available.  In addi t ion,  for flux boundary  condi t ions,  
this semi-analytical  technique ahvays guarantees con- 
~ergence to the solut ion.  In both cases, the system is 
examined holisticalty with the shape within each layer 
known at the outset. This allo~vs a quali tat ive deline- 
a t ion of the pressure profile in the heterogeneous soil 
without  total dependence on mathemat ical  models. 
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