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L-4. STOCHASTIC DIFFERENTIAL EQUATIONS
A stochastic differential equation is an equation, say,
S X0, X'(0), X" (2),...Y (), Y' (1), Y"(0),...0) =0,

where X(t), X'(t) ... Y(t), Y'(t) . . . are stochastic processes along with some boundary conditions
or initial conditions.

Solution: The most general solution would be the one specifying the joint distribution of X(t,),
X(t) ... X(t,) forall t,...t, Instead, we might settle for information about the moments of X(t).
i.e. E [X()], E [X*(t)], E[X(t) X(t+S)].

Types of Stochastic differential equation

(a) Random initial and boundary condition

Solution obtained as in ordinary differential equation then introduce the random initial or boundary
condition.

(b) Random inhomogeneous part

d*X . d

X
+b—+ X()=Y(¢
adt2 dt (#)=Y()

Hydrology example
TV h(x) = &(x)

where T is the transmissivity, h is head, and &(x) is recharge.

(c) Random stochastic coefficients
V-[K(x)V@(x)]|=0

where K(x) is a stochastic process representing a spatially varied conductivity field and ¢(x) is the
hydraulic head, which is also a stochastic process.
(d) Random coefficients, inhomogeneous parts, boundary and initial conditions.
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Example: Random Inhomogeneous Part

Suppose that Y(t) is a second-order stationary process and V(t) is related to Y(t) through the
differential equation.

dv(t)

aV(t)+a, =Y(?)

Suppose Y has a spectral density, S (w), we want to know the spectral density of V(t), and say a,
and a, are constants. Let’s express V and Y into means and perturbations.

V=E[V]+V
Y=E[Y]+Y

where E[V’]=0 and E[Y’]=0. Substitute them into the differential equation, we obtain

d(E[V]1+7")

a(E[V]+V")+a, = E[Y]+Y"

Taking the expected value of the equation, we have the mean equation

dE[V]
a,E[V]+a, " E[Y]

Notice that

E[d_V} _dE[V]
dt dt

Subtracting the mean equation from (1), we obtain a perturbation equation:

av'
alV'+a2 ? =Y
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Now, we use the Fourier-Stieljes Representation for V' and Y’:

y(t) = [e”dz (o)

v(t)= [€"dZ (o)

—0

and substitute them into the perturbation equation, we have

a, Te[‘”’dZ,, +ia, Te"”’dZ,, = .Tei‘”'dZY

—0 -0 —0

After rearrangement, we have

J'e"“”(a1 +ia,w)dZ, = je[“”dZY
or

(a, +ia,w)dZ, =dZ,

Now multiplying it with its conjugates and taking the expect value, we have

(@} +alw®|EldZ,dZ; | = E[dZ,dZy]

which leads to

\(af + ajwz)\SV(a))dw = S, (w)dw
or
1

O e

Sy(@)
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Applications in Ground Water Hvdrology

Stochastic Analysis of Phreatic Aquifer, Gelhar, WRR 10(3), 589~545, 1974.

Lumped Parameter Model
(Gelhar & Wilson, 1974, Ground Water, 12(6), 399-408, Dec. 1974)

Lyl

[lI777777

= specific yield
average water level
outflow constant
recharge

= outflow datum

= SR =2 !
Il

(=1

The governing linear reservoir model is

dh
S v ath—hy) = y(t
s a(h—hy) = y(1)
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If'y is a stationary random process, then h is a stationary random process. We express them in

terms of means and perturbations

h=h+h E[h]l=h, E[Rh']=0
y=y+y" Elyl=y, E[']=0
Substitution into (1) leads to

dh + h +a(h+h—h)=y+y'

N

Taking the expected value yields the mean equation

dh -
—+alh-h)=Yy
Sdt a( b)) =Y

Perturbation equation is given as

'

s—+ah'=
dr g

1

Now, we use Fourier-Stieljes Representation for h” and y’:

0 ©

n(t) = j eMdz,  y'(t)= j edz,

-0 —o0

and substitute them into the perturbation equation, we have

0 0

[e“dz, (@)= [e"dz (o)

—o0

wd it
SJEe dZ,(w)+a

—o0



or
Te“‘”[(siw +a)dZ,(w) - dZy(a))] =0
Therefore
Syl0)do = E[dz,dz;|= E|dz,dZ}|s,(o)do
dz,
dZ, = ——
(isow + a)
, dz,
dZ, = —————
(-isw + a)
1
Shh(w)/syy(a)) i (s2w2 + az)
Assume

Y = recharge = ap+ [

p = precipitation

2
a

shh(a))/syy(a)) = (

s‘o’ + az)

dz, =dZz, /(isw+ a)
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dZ. = dZ,

E|az,dz;]

syh(a))da) = E[dZdey] = m

Cross-covariance & Cross-spectrum:
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WILMINGTON, MASS. 1960-1972
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Stochastic Stream-Aquifer Model

Duff et al. 1978, Recharge and Ground Water Conditions in the Western Region of the Roswell
Basin, New Mexico. (New Mexico WRRI. Rept. No. 100)

Use 1. Stream flow time series

2.Water level (Well) time series

to estimate S.T. & a leakage factor

River
/Q(t)
> X

v q(t)

N hex)

Sy

0
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Model: Assume a 2-D depth-average model is adequate to describe the flow in the aquifer.

0% h 0% h oh
P + Tﬁy2 = Sm - e(x.1) (1)

T

where €(x,t) denotes the recharge to the aquifer

&(x,t) = q(r)3(x) )

5(x):{1 x=0

0 otherwise

Assume the regional water table gradient

dh o*h
ﬁ_y; const - 7y =0

Then the 2-D governing flow equation is reduced to a 1-D equation, describing flow along the x
direction.

h ah
Ty—SE (3)

where the boundary condition is given as

h
2 | = —q(t) 4

Only half of the total recharge to the aquifer is assumed to flow in the direction under analysis.
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Assume that recharge is a fraction of the river discharge, i.e.,

q®) = aQ(t)

where Q(t) is total discharge of the river [L¥/T].
12
q(t) = recharge from the river to the aquifer !?] .

1
constant coefficient (leakage) [z} .

a

Assume that the river discharge Q(t) is a 2™ order stationary stochastic process in time and leakage
is a constant. The recharge, q(t), is a stochastic process then.

O()=0()+Q'(t) and  q()=3()+q'(1) (5)

where @(l‘ )= E[Q(1)]; Q(t) is the perturbation and E[Q’(t)]=0. Similarly, g =E[q(t)] and q’(t)
is the perturbation, which is a stochastic process and E[q’(t)]=0. Similarly,

h(x,t) = h(x,t)+h'(x,1) h(x,0)=E[h(x,t)]  E[h'(x,t)]=0 (6)

Notice that h(x,t) is a stochastic process in t only. Substituting (5) and (6) into (3) and taking the
expected value lead to a mean flow equation:

Fh A
The perturbation equation for (3) becomes
' h'
S—=T
with the boundary condition
dl!
2T— | =—¢' =—aQ'(t 9
= | ==a'=-a0(i) 9)

Next, we use the Fourier-Stieltjes integral to represent the perturbations:
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0

q’(t) = J.e"“”qu(a))

—0

and

W(x,0) = [ edz,(x,0)

Then we have a stochastic partial differential equation

é) i it 0’72 t iot
Sg:[oe“” az,(x.0)=T— Le dz,(x,o)

and

° ° 10
J.e"“”Sia)th(x,a))z Je"‘”T%th(x,w) (10)

—0 —0

Equation (10) implies that

11
Sia)dzh(x,m)=T§dzh(x,m) (1
which is a second-order differential equation. Assume the solution to (11) takes the form
dZ,(x,w)=Ce™ (12)

where C, is unknown constant. Substitute (12) into (11), we have the characteristic equation of

(11),
TA -ioS =0 (13)

Solution to the characteristic equation is

P (@ (14)
NrT

and the solution to the general solution to the stochastic equation becomes
——
dZ,(x,w)=Ce T (15)

We use the boundary condition to determine the unknown constant, C,
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O%gf 1) | =) =-aQ'(0) (16)

Application of the Fourier-Stieltjes 1ntegra1 to equation (16) leads to

Az, (vw) | __adZy(0) )
dC x=0 2T

Substituting equation (15) into (17), (1) and letting x=0, we have

%——C @__adZQ
dx Nr T

and

Therefore, the particular solution to equation (8) with the boundary condition, equation (9), is

dz,(x, a))_N_ AE

Recall that /i = +( \/_ \/_)

Then, spectrum of h becomes

p{ /25}
T

4aoST

Su(@)dw = E[dZ,dZ;| = E[dZ,dZ,]

or

Su(®) a’ RwS ,
= CXP| —A[—X (Transfer Equation)
Soo (a)) 45Tw T
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O 2
In a)iqi =—X §«/Z+ln a
SQQ T 45T

where Shh(a)) and §,

o(@)are sample spectra of h and Q. Use the linear regression to determine
B, and B,

Procedure:

Step 1. Calculate covariance fns of h and a i.e.

th(7/ )’ Ry (7 )

Step 2. Take inverse Fourier Transform of Ry, (Y) & Rgo(Y)
use F.F.T. or other algorithms.

& 1 ( -iny
hh(a))_gj. ' th(?”)dﬂ/
S 1 [ —-io

SQQ(“’):EJQ 7RQQ(7)d7

see {Spectral Analysis and its applications by G.M. Jenkins & D.G. Watts, 1968}
Step 3. Smooth the spectra using filters
Take time series course.

Step 4. Linear regression analysis.

f3, is used to estimate a if S is known

B, is used to estimate S/T ratio.
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Cross-Spectrum g,

expl — —1wSx
P T

Sodw = E|dZydZ;] = E|dZ,dZ,]

2v/— iwST
Let a= % , P =2 ST
exp[— a(— i)m]
S, =8
Oh 00 ﬂ(— i)1/2
7o | N2 N2
2 2
Spp E-Y24i2,
Sop=—22e* 2 2 e (a)
p
recall

Spo 2
Coy, —iQy, =—-¢? cos££+ Qa] + isin££+£aj
B 4 2 4 2

S =Ade"" (b)

Oh



A(a)) = \/(C0)2 + (Qh )2 Amplitude Spectrum

o (a)) = tanl{_—QQh} Phase Spectrum

From (a) & (b)

T oSX
= — 4 _—
Qo 4 2T
SX
Oon = Zy o

4 2T
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(IF YOU LIKE I CAN DO THE OTHERS LIKE THIS )
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Figure 13: The phase in fractions of a circle plotted against square root of frequency.

R = correlation coefficient. Data in Table IV.



