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VARIOUS FORMS OF DARCY'S LAW FOR FIELD-SCALE PROBLEMS(535-2d.wp)

1-D
dh
- K=
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where the specific discharge, ¢, conductivity, K, and gradient, dh/dx are scalar.

2-D Isotropic Media Anisotropic Media
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g, =—K— q. =K.~
A A
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where ¢..q,, are vectors characterized by magnitudes and directions.

Ox’ y

Quotient Rule: Ifthe result of a mathematic quantity multiplying a vector is a vector, the mathematic
quantity must be either a scalar or a tensor. For example,

Ifwelet J= —@, —ﬁ
ox oy

[ 17

Therefore, [ ] has to be a scalar or a tensor. The hydraulic conductivity of an isotropic medium is
a scalar, and that of an anisotropic medium is a tensor.

q

§ Darcy's Law in 2-D or 3-D

Vector notation:

G=-K-Vh

where the double over bars denote a tensor. One common notation used is the expression based on
Einstein’s summation convention:

q; :Kiij

whereiandj = 1,20r3 or x, y z and J,, J,, J; = -dh/cx, -ch/dy, and -ch/c, respectively.
Einstein's summation convention says that in any product terms a suffix (subscript or superscript)
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repeated twice (and only twice) is held to be summed over its range of values. For instance, Darcy’s
Law in three-dimensions is:

or in 2-D

q,=K,J, +K,J, + K3J,
q, = K, J, + K,,J, + K3 J;
q; = Ky J, + Ky, J, + K335

q,=K,J,+K,J,
q, = K,J, + K,,J,

§ Matrix Forms

3-D
4, K,
7, | = | Ky
a5 Ky,

2-D
|:Q1:| _ |:K11
q, K,

~

22

~

32

K12:||:
K22

K13 Jl
K23 J2
K33 J3

Jy
J2

where the matrices, K;; or [K] define the hydraulic conductivity tensor of the porous medium in 3-D
and 2-D flow situations, respectively. Note that a tensor is a quantity in general (matrix) that
satisfies a specific coordinate transformation rule.

§ Properties of Hydraulic Conductivity Tensor

1) asymmetric tensor of rank 2
rank 2 —> two indices, i,

symmetry = K, = K, where [ # j

3-D Case:

K12 = K21 > K13 = K31 > K32

= K23
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Kll K12 K13 I’educe Kll K12 K13
K21 K22 K23 = K22 K23
K31 K32 K33 K33
9 components 6 components
2-D Case:
|:K11 K12:| Vedl/lce |:K11 K12:|
=
fZl K22 K22
4 components 3 components

2) when K, = K (aconst.) fori=;j & K;=0, for i # j

The medium is called isotropic, i.e., the hydraulic conductivity value at a point does not vary
with direction.

K 0 0 1 00

0 K 0|= Ko :>I¢<010
0 0 K Kronecter delta scalar 0 0 1

3) when K;; # const. for i = j, the porous medium is called anisotropic, i.e., the medium has
a higher hydraulic conductivity in one direction than in other directions.

K, # 0,for i# j (unless in the principal directions)

i.e., K;; should have 9 components in 3-D, 4 in 2-D

§ Physical meaning of the mixed components K,,, K,,, K;...
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Darcy's Law in 2-D

— (hB — hA)
J =———%0
q.=K J +K, J /0/Y . 7 #
q, :KJ+Kny/ J,=0
q KXXJX
q = nyJx
K, = % , ny jy = the contribution of J, to the specific discharge g in the y-direction.

9=0, K, .K, =0

60=90", K, .,K, =0

xy ?
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Darcy's Law
0
qx = Kxx X + ny']y
qy :O% + KWJJ’
J.=0
h, —h
J, = s =) # 0
L
qx = KX}’J)’ qx/ Jy = ny
qy = Knyy qY/Jy = Kyy
Notice that
6=0, K, =K, =0
0=90", K, =K, =0

As a result, mixed components depend on the coordinate systems, and they are artifacts.
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Alternatively, one can choose a different coordinate system such as the following:

QX = KXXJX qx' B Kx’x”]x’
where ¢ = nyJx or q, = Ky,y,Jy,

no mixed components!
K > is an artifact.

In this coordinate system, there are no mixed components in the hydraulic conductivity tensor.
However, this coordinate system must be in the principal directions.

4) The principal directions of the hydraulic conductivity of the anisotropic medium are the
directions for which K;; =0 forall i # j and K # 0 fori=}.

e

" 0 0
[K]: Ky O [K]:
0 K

oS O

33
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In general, the principal directions of an anisotropic medium composed of alternating layers are the
directions parallel to the bedding planes and those perpendicular to the bedding planes.

5) The transformations from any x, y coordinates to the principal x', ' coordinates can be
obtained by using the following relationships (2-D case)

P2

2
Ko K.+K, (Kxx —Kyyj s
K ’ 2 B xy

or
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2-D Coordinate Transformation

p(x.y)orp(x.y)

Fromx',y'tox, y :

(x :x’cose—y’sinej
y=x"sin@+ y'cosd

Fromx,ytox',y'":

0 is a positive value

( x' :xc0s9+ysin(9j
y'=—-xsinf+ ycosb

cos@ , sin@ — directional cosines

K-Tensor Rotation:

. .. T . ..
The tensor transformation is given by [K ] = [D‘][K ! ][D] where [K] is the conductivity tensor
in the x-y coordinate system, [D] is the directional cosine matrix, [K "l is the conductivity tensor

in the x" — y' coordinate system, and [D]" is the transpose of [D].  More specifically, a two-
dimensional tensor for example can be transformed by:
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Principal
D Ks D’
K., K, | (coso —sin@ij,x, 0 |[ cos@® sind
K, K,| \sind cosé 0 K, |[-sind cos@

(K,.cos0 —K,, sin@}{ cos 6 siné’}

K..sinf K, cosf ||—-sind cos@
2 ) . .
| K, cos"0+ K, sin" 0 K., cosfsinfd—K  sinfcosb
- . . ) 2
K., sinfcost— K . cosfsind K. sin"0+K, cos 0

Recall the following relationship:
2 1 -2 1
COS Q:E(c0s2t9+1) sin 9:5(—00526’+1)

. 2 .2
K.,.=K,. cos"0+K, sin" 0

) K .,
2&00829-% Kew + Y cos26 + —2L
2 2 2 2

K. +K, . o — K
=2 o +( yy)cos26?
2 2
K, =K, sinfcosf—K . cosfsind since sin26 = 2sinfdcos
Kx’x’ - K "y .
K,= ————sin20 = K
X 2 Xy

Note K, and K, can be negative, depending on the value of . This is another proof showing that
the mixed term is a mathematical artifact.
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§ Mohr's Circle Representation of a Hydraulic Conductivity Tensor in 2-D.

A most convenient way of representin

g the above conductivity tensor transformation in a graphic

form is by using Mohr’s circle. For example,

------------------- principal
""""""""""""" \8 direction




Kx'x'
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Based on this figure, it is easy to see the following transformation rules if the principal Ks are

known.

Constraint on &

K. .+K, .
Center of the circle = ————22
2
. —K .,
Radius of the circle = %

K. +K., K. —K.,
= 2 == Y'Y c0s26
2 2

K. +K. K. —-K.,
— XX R ”2 Y _cos260

K

K, .
K, = —Tyys1n29 @ is negative.

> 1 if K..>K,

»y'
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Similarly, the transformation of the conductivity tensor from the x-y coordinate system to the
principal direction coordinate system is given by:

+ K
Center of the small circle = ——2%

K -K
Radius of the small circle OD = ———— 2

OC’=0D" +CD’

— ) %
K — Kxx +Kyy + (Kxx - yyj +K2
x'x 2 xy
— ) %
o — Kxx +Kyy _ (Kxx B yyj +K2
2 Y

Property of Hydraulic Conductivity Tensor: In spite of transformation, the hydraulic conductivity
tensor must satisfy the following property. That is,

K..+K, =K +K,k

independent of rotation.

Question:

1) Why is the hydraulic conductivity tensor symmetrical? How is it related to the concept of
REV?
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Discussions

Despite treating the field-scale geological medium as a homogeneous or heterogeneous
medium, the classical analysis faces many difficulties. First, the validity of Darcy’s Law for the
equivalent homogeneous field problem has not yet been proven. Since input sources are small
compared with the size of the field-scale geological medium, water and contaminant plumes
must travel a great distance to encounter all heterogeneities at different scales before an FSREV
can be defined. This distance may be greater than the thickness of the field-scale geological
medium. As a result, the FSREV may not exist. Second, even if a large FSREV for a given
vadose zone exists, no conclusive means is available to obtain effective properties of the
equivalent homogeneous field problem, using data from large-scale hydraulic tests. Relying on
small-scale hydraulic tests, one would obtain different hydraulic parameter values at various
parts of the field-scale geological medium. Then, a theoretically rigorous means to average these
different values is needed. Most important of all, we often do not know what we predict, using
the effective property. Are the predicted behaviors unbiased estimates of the processes in the
field-scale geological medium? Do they bear any statistical significance?

Additionally, sample sizes of our monitoring devices (e.g., sample volumes of a well,
tensiometer, lysimeter, time domain reflectrometer probe “TDR”, or neutron probe) are generally
much smaller than the FSREV. Predictions based upon an assumption of homogeneity are
expected to deviate from our point observations unless our observation focuses on the integrated
or averaged behavior. Then, a measure of the difference between the prediction and our point
observations is imperative. This measure is important for economic and environmental reasons
(for instance, selection the location of a pump and treatment well system or determination of the
extent of contamination).

The aforementioned issues are critical to the accuracy of our predictions but methodologies
to address these issues do not exist in the classical homogeneous approach. Using only a limited
amount of data and a general geohydrological description of the field-scale geological medium,
the heterogeneous approach also confronts the same issues though it does not invoke the
FSREV assumption for the entire vadose zone or the aquifer.
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Determination of Hydraulic Gradients

From previous discussions, we know that the hydraulic gradient is a vector that is
characterized by magnitude and direction. In a two-dimensional flow field, the hydraulic
gradient will consist of components in the x and y directions. On the other hand, the gradient can
be decomposed into three components in three-dimensional flow scenarios. For many practical
problems, you may be required to estimate the hydraulic gradient in a two-dimensional aquifer.
This can be done easily using a graphic method you learned in field geology for determining the
dip and strike of a bed. Here, we will introduce a finite element approach to solve the problem.

Obviously, you must have water level measurements at wells at three different locations to
determine the gradient. Suppose we have three water level measurements as illustrated in the
figure below. If we assume that the water level varies linearly in space, there must be a plane
covering the three water levels. The water level at these three locations are denoted by @, @,
and ¢, whereas the coordinates of the associated locations are (x;, y,), (x;, »,), and (x;, y;). From
your vector calculus, the plane is

p=oa,+a,x+a,y

with the condition that &,, @,, and &; are unknowns. The hydraulic heads at the three locations
must be equal to the observations. Substitution of these conditions into the equation for the
plane produces the system of equations:

A
¢ P ¢:¢i at x=x,,y=Y
¢:¢j at X=X,,V=D),;
P p=¢, at x=x,,y=y
b, q
(X2, ) K Xy 5 Vi)
/ (Xj,yj)

Solution to the system of equations yields

a, = i[(xjyk _xkyj)¢i +(xkyi _xiyk)¢j +('xiyj _xjyi)¢k]
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1

@, = |(v; =2 )b+ (=) + (- v,)8]

1

%=y (e =0, )0+ (x, =), + (x, _xi)(b"]

where 24 is the determinant

|
I x, y| =24
I x

where A is the area of the triangle.
Substitute for «;, &,, and &, in the equation for the plane and rearrange results in an equation
for ¢ in terms of three shape functions and @, @, and ¢,. That is,

¢:Ni¢i+Nj¢j+Nk¢k

where the shape functions are given as

1
N, = ﬂ[a" +bx +cl.y]

1

N; = i[a/‘ +b;x +ij]

1
N, :ﬁ[a" +bkx+cky]

Notice that these shape functions are functions of x and y, and

a; =X Ve =X ) bi:yj_yk9 C; =Xy — X,
a;, =X Vi =X Vi » bj:yk_yia C; =X, =X
Ay =Xy, =X, Vs bk:yi_yj7 Cp =X, — X
Therefore, the head value at any point within the plane can be related to any one of the three

head values by a set of shape functions that are linear in x and y. This means that the gradients
are constant within the plane which can be evaluated as
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) L + "k
where
ON b
n :_77 — 7 k
Ox 2 4 n=1ij,
ON
- C’7 77: i,j,k
dy 24
Therefore,
op 1
k| CURLURLY
29

1
ﬁy = ﬂ Ci¢i + Cj¢j + Ck¢k]



