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Chapter 2.

LUMPED PARAMETER MODELS FOR STREAM-WATER TABLE AQUIFER
SYSTEM

See Gelhar & Wilson, Groundwater, 12(6), 399-408. Dec. 1974.

2.1 Water Balance Equation

Consider a cross-sectional view of a stream-water table aquifer system as shown in Figure 2.1.
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Figure 2.1 A schematic illustration of a stream-water table aquifer system.

The lower boundary and right-hand side of the aquifer are impermeable. The aquifer is
connected to a stream on the left-hand side. The overall water balance for the aquifer can be
expressed as
dv

” =R-0 (2.1)
where V, R, and Q are volume, inflow and outflow rates of the aquifer. It also can be written in
terms of per unit area:

nor=(E+a)-(a=q,) @2

where n is the average effective porosity (specific yield), 4 is the average thickness of the
saturated zone, i.e.,

h = j (x)dx/L)  (2.3),
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g=[e(d/L  (24),
which represents the average recharge rate/area, [L/T]. g, is the artificial recharge rate/area,

[L/T], g,is the pumping rate/area, [L/T], and g denotes the natural outflow rate from the

aquifer/area, [L/T]. Next, we will assume inflow and outflow between the aquifer and steam
follows a linear reservoir assumption: it is linear proportional to the difference between the
average thickness of the saturated zone and the river stage,

g=a(h-h,) (2.5)

where a is an outflow constant, [1/T], which is related to aquifer properties and 4, is the water

level in the stream, which can be a function of time. For convenience, we will drop the overhead
bar for all the variables. Please bear in mind that all the variables are in the sense of average. If
we consider that g, = g, = 0, the water balance equation for the aquifer is

n%+a(k—ho):8 (2.6)

which is an ordinary differential equation and it has a closed-form analytical solution, depending
on the input type. For an impulse input,

& =rd(t) 2.7)

where r denotes the depth of recharge rate, and d(7)
is a Dirac delta function (J(2)=1, when t=0, and
zero otherwise) . The solution associated with
this input function is given as

r -
h—h,=—e /" (2.8)

n
where t,=n/a, which is called the hydraulic
response time [T] of the aquifer. It represents the

t, Time, t time required to drain the aquifer to a 7/n exp(-1)

level for a given impulse input of & It is a

Figure 2.2 Response of the aquifer characteristic of the aquifer, depending on the
under an impulse input. values of n and a. The behavior of the solution is

shown in Figure 2.2.
For a step Input of recharge,

{0 t<t,
e(t) = (2.9)

g, 12t

o

The corresponding solution is



©Yeh-102-4
h—h :%[1—{“‘”/’/1] t>1, (2.10)
n

The behavior of the solution is plotted in Figure 2.3.
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Figure 2.3 The solution for a step input.

For a sinusoidal input that has the form,
e()= ¢, (l+asinor) (2.11)

where ¢, is the base recharge, [L], o is the amplitude of the sine wave, [L], and o is its
frequency, [1/T]. The corresponding solution is given as

h-h =Sl % lin(wr—¢) (2.12)
n J1+(7,0)

where ¢ is the phase shift and tan¢ = ¢,
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Figure 2.4 Input and output a sinusoidal wave

Phase
shift

Parameter Estimation

For field data, cross-correlation analysis of the input and output can be conducted to
determine phase shift and attenuation factor. Use phase shift and attenuation factor to estimate, a,
which can be used to determine L, and 7. Again, one must recognize that the lumped parameter
model predicts the average saturated thickness of the aquifer as a function of time. To estimate
the parameters of the model, one must use averages of the observed heads. In addition,
parameter values obtained represent the parameters for the lumped parameter model only and it
represents spatial average values of the parameters.
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2.1.4 Verification of Linear Reservoir Assumption

Based on the Dupuit assumption, a one-dimensional steady flow for the stream-water table
aquifer system can be written as

i(Kh@j - (2.13)

dx dx

with boundary conditions: x =0, & = h,and x = L, Kh% =0. The solution can be obtained
X

by integration and is

R —h=ex(2L-x)/K  (2.14)

which can be expressed as

€(x)
@ @ {} @ (h—h,)(h+h,)=ex(2L-x)/K
ifth—h,<<h, = h=h,, we have

an approximate solution:
\ ! ex(2L-x)
: <4 ' h(x) h—h,=——— (2.15)
h, ! [River ! Aquif 2T
i i e where T = Kh, Subsequently, the
v v average thickness of the saturated
_________________________________ oL zone can be obtained by
X=0 = 2
_ 2L L
h=—| M+ho dx=2"1p
L~0 2T T
Figure 2.5 A cross-sectional view of a
Dupuit aquifer. (2.16)

Since this is steady flow, e=gq .

Recall the linear reservoir assumption used in the lumped parameter model,
e=qg=a(h—h,) (2.17)

Comparing the assumption with the solution, one can derive the constant for the linear reservoir
model,

37 1
a=— |=|,
L> | T

where T is the transmissivity. This shows that the linear reservoir assumption is valid for
aquifers that can be described by the Dupuit assumption.
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2. 2 Water Quality Formulation

We will consider the chemical mass balance for a stream-aquifer system. If we focus on
spatially averaged concentration,

C=|'[ cx.zndxdz / [ h(xyax. (2.18)

the aquifer system can be treated as a well-mixed system (Figure 2.6). Based on the conceptual
model, a lumped parameter model can be

formulated.
aqrEifi’cigr gupmh?g , C, d(nhC)
recharge ?:otlr'l\;al"lgel n—dt =eC,+4q,C — qu —qC—knhC
@ (2.19)
where the last term of the above equation
R represent the sink term.
: dC dh
: C,n nh—+nC—=¢C,+q.C.—q,C—qC—knhC
h i df df qr r qp q
i a.C
; = (2.20)
Recall the water balance equation,
Natural dh
groundwater un L
discharge n dr €+9,-9,-4 (2.21)
Therefore, equation (2.20) becomes
Figure 2.6 A conceptual lumped dC (e+q, +knh) eC,+q.C
—+ C= L (2.22)
Parameter model for the water dt nh nh
chemistry The disappearance of g, and ¢q is due to the
well-mixed system assumption and their

effects are incorporated in the temporal variation of 4. Now, we let

k=2 g vk (2.23)

e

nh
where k. =(e+gq,) / nh, called the retention constant; & is the first-order decade constant. The

response time of chemicals of the aquifer system is defined as

t =k (2.24)

It denotes the time at which the chemical concentration will drop to e level due to mixing and
chemical reaction in the aquifer.

The chemical mass balance equation can be solved for either steady flow or
unsteady flow situations. First, we consider the steady flow condition, in which the saturated
thickness of the aquifer does not change with time. Then the water balance equation,

dh
n7+a(h—h0):8+qr—qp (2.25)
t
becomes

a(h—ho):q:8+qr—qp (2.26)
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which states that inflow equals the outflow. From this equation, the steady
thickness of the saturated zone can be determined and can be used in the following chemical
mass balance equation:

+q, +knh
E-F (8 q)f n )C — SCS + qur (227)
dt nh nh
For simplicity, we let ¢, = 0 and we have
ot ikle=Lc (2.28)
dt nh nh

For an impulse input of a concentration, C, , into an aquifer with an initial concentration, C, = 0,
the solution is

— 1t
C(t)=cekl—ce /e (2.29)
wherez, =k, , the chemical response time of the aquifer and k, = (e/nh+k).

For a step input, the solution is

C(t):CS%[l—e_/Cj (2.30)
For a linear increase in input concentration,C, = o ¢, where o is a constant, the solution is given
as
i
C(t)zoc[(t—tc)thCe C} (2.31)
For large ¢ >> ¢, the solution becomes
C(t)=oa(r—1t.) (2.32)

The equation shows that the output concentration lags behind the input concentration by the
response time 7.

The chemical response under unsteady flow, both the water balance equation and
chemical mass balance equation must be solved.

n%+a(k—ho)=8+qr—qp (2.33)
knh
d_c+(8+q’—_'_n)czicg+q_;lcr (2.34)
n

dt nh nh

A more general approach suitable for any arbitrary form of input is a finite difference approach.
If we use a finite difference approach to discretize the flow equation in time, we then have

(B, —h) [h L+, j
i+ i + i+ l_h =€ +qg.— . 235
AL “T2 o) T A 239

where subscript i is the time step index and the solution is given by
1 A A A 81‘ Y i
L P +—th0+Atw (2.36)
2t 2t, t, n

where t, =n/a is the hydraulic response time. Similarly, we can descritize the chemical mass

balance equation to obtain
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At C. +C 2
Ci+1 - Ci = __|:(8[+ q,)[ITJ - (Sicsi + qricri):|(h 7 ] (2~37)

i+1 i

Once the h’s at different time are obtained, they can be used in this equation to calculate the
concentration at various time.

Hydraulic response time, retention time, and chemical response time.

Hydraulic response time, ¢, is the time required for the ground water system to dissipate

a sudden increase of / due a recharge of € (Ah =¢/n) to aAhe " level as shown in Figure 2.2. It
is related to the aquifer characteristics, #,=n/a. On the other hand, the chemical response time is
defined as the time required for the system to dissipate a sudden increase of concentration, C, , to

C.e ' level. The chemical response time is the reciprocal of K.,

t.=— 2.38
% (2.38)
where
k= tk (2.39)
nh
if conservative chemicals are considered, k=0,
1
t.=—, 2.40
<=7 (2.40)

where £, is the reservoir retention time, which is defined as the amount time required to fill the
entire aquifer with the given recharge, €. That s,

_m (2.41)

I

€
Generally speaking, the chemical response time, ., is greater than the hydraulic response time,

t,, (see Table 1, Gelhar and Wilson, 1974.)
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Application of the Model

1. Highway Salt on Groundwater Quality (Eastern Massachusetts)

Water balance model

dh
n—+alh—-h)=c¢ 2.41
- talh=h,) (2.41)
Chemical mass balance model,
nh% +eC=¢C, (2.42)

we will assume that ¢, = g, =0, and C, = 0 since groundwater withdrawn is approximately 2
inch/yr and recharge through septic tank is minimal. Solutions for the two equations were
obtained by using finite difference analogs of (2.41) and (2.42) with A¢ =1 month. Required
input parameters, €, C,, n, and a, are estimated as follows:

Estimation of Input parameters:

1. Recharge rate, ¢, (inches/month). In order to determine the monthly recharge rate, it is
assumed that the annual recharge, €, is linearly proportional to the annual precipitation, P.
£€=035P

Then, the annual recharge is distributed over January through May according to the figure below.

0.43 |

0.38 | Legend

0.33 4

0.28

| K
-
|
B
| I

0.23

0.18 4

0.13

0.08 -

0.03 -

no recharge during other times of the year

Figure 2.7
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2. Salt Input:

Based on city government’s record, 12 tons / lane mile /year road salt had been used, and
the width of highway is assumed to be 15ft. This leads to an estimate of the amount of road salt
used per square highway area.

12x2000/6  0.3/bSalt
15 fi x5280 fi  fi > Highway

If highway density is 5 % of the aquifer area, the road salt per aquifer area becomes

0.3/bSalt S (areaof highway) L sx1o>_ tbSalt
ft* Highway 100 (area of Aquifer) ' ft* Aquifer

One could multiply this with the fraction of salt that actually reaches the water table.
If annual precipitation is

-2 2
- MassnofnSalt _ 1.5x10 Zb/ﬁ : 1725107 =172 x10°°
MassnofnWater 1.4 f x62.41b/ ft —

P=4ft/yr & =035x4=14fi/yr
C

ppm
=172 ppm
3. Aquifer Parameters
Assume:
n = 025
h, = 25,50,100 ft
n
t, = — = bmonths
a
Determine /4(?). (See Fig. 3)
t. = chemical response time
nh 0.25%x 50 ft 8
= = S = . rS.
g 1.4 ft/yr Y

Slow change in water quality.



2. Irrigation Return Flow
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Irrigation drainage systems have been installed at many farms in many regions, where
groundwater table is shallow, for collecting irrigation water to maintain desired water table

Irrigation water

Irrigation

drain @ @ @

height at the farms. This drain
discharge is called the irrigation
return flow (see Figure 2.7). The
irrigation return flow in general is
i high in chemicals associated with

~— -

/ fertilizers. It has been observed that
p farming along upstream of a river
/ can have significant impact of water
7 quality at downstream. Major
sources modifying the river water

Figure 2.8 A schematic illustration of

quality have been found to be the
irrigation  return  flow, which
discharges back into the river. In

an irrigation return flow system. this section we will formulate

lumped parameter models for

irrigation return flow.

estimating water quality of the

Before the formulation of the mathematical model, it is desirable to build a conceptual
model. The conceptual model treats the aquifer as a well-mixed box and specifies all input and
output processes involved as illustrated in the figure below.

Major sources of irrigation water are water diverted from rivers during wet seasons and

River Diversion

C.q, Qs C,
] g,, Total irrigation
> ET
aqgy, CET=O
8! CE
Net recharge
q,C
>
Ground Aquifer Drain flow
water
withdraw

Figure 2.9 A conceptual lumped
parameter model for irrigation
return flow.

groundwater withdrawal from aquifers during dry
seasons. That is,

Total applied irrigation water = river diversion +
ground water withdrawal from aquifer,

dr =45 + B qr
in which ¢, is the total irrigation water, ¢, is the river
diversion, and 3 is the fraction of the total irrigation

water that is coming from ground water withdrawal.
If we assume the system is under steady flow, then
the net recharge to the aquifer is

e=(l-a)q, =q+Bq,

where o is the fraction of the total applied irrigation
water is returned to atmosphere by evapotranspiration.
The discharge to the drain becomes

q:(l_a_B)QT
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and the concentration associated with the net recharge can be determined by

C - ‘]sC_S +BQTC

e (l1-a)g

Accordingly, the chemical mass balance equation becomes
dC dC
nhE—SCS -qC—-Bq,C or nh;-qSCS -qC

Assuming that the concentration of the chemical in the river diversion, Cs is time invariant, and
that at =0, C(¢) = C,, then the solution to the chemical mass balance equation is

C(t)=C,e™ + q—SCs (1 — e_k"t)
q

When time approaches infinite, the steady concentration becomes
C 1- 1-
C(OO): qS S _ ( B)qT CS — ( B) CS
g (1-a-B)g, ~ (1-a-p)
According to this result, evapotranspiration essentially increases the concentration of total

dissolved solutes in the irrigation return flow even though no chemicals from fertilizers have
been considered in this case.

Next, we will consider unsteady flow problem:
dh
nEZS_q_BQT =(1_a)9T _a(h_ho)_B‘]T

Since we know that
dr (1 - B) =ds
we then have the water mass balance equation:
(1-a-B) .
(1-p)
If the input form of gs is given, the saturated thickness of the aquifer at any time can be

determined, and then it can be used in the chemical mass balance equation. In general, it is
easier to solve the two equations using numerical methods.

dh
— h—h)=
ndt—l—a( U)

Unsaturated — Saturated Systems

Of course, a lumped parameter can be formulated for the vadose zone. Consider the
water balance and if we integrate a one-dimensional Richards equation over the vertical and
assume that upward or downward flow is proportional to the head difference between the vadose
zone and it lower system (i.e., aquifers), we then have
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oh 00
Chy==Z=g—a[(h-h)+1
()at 5 ¢ [(h—=hy)+1]

where £ is the average pressure head, 0 is the average moisture content, q is the flux on the land
surface, a is a parameter which is a function of K(#), unsaturated hydraulic conductivity, 4, is

the pressure at the water table, which is zero, and the last term is the gravity term. The equation
can be further simplified if we assume the vadose zone is under unit-gradient condition and the

unsaturated hydraulic conductivity function follows an exponential function, we then have

% — - K(8)= g K, exp(B6)

The equation is nonlinear and numerical approach may be necessary. The calculated 0 can be
used to evaluate the hydraulic conductivity function, which is the outflow to the aquifer below.
Therefore, the model can be linked with the previously established stream-aquifer system.

Multilayered Aquifers: Similarly, the lumped parameter approach can be applied to a
multilayered aquifer. Each layer can be treated as a lumped parameter model and all aquifers can
be linked as a series. As the number of lumped systems increases, the series or parallel (or a
mixture of series and parallel systems) system approaches a finite difference approximation of
the partial differential equation that describes groundwater flow through porous media.
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MODEL CALIBRATION FOR THE MESILLA VALLEY (D. Updegraf, M.S.
study, 1977)

Data available:

Monthly water levels in 39+ wells over several years
Monthly drain flow (acre-feet/month)
Monthly irrigation diversion (ac-ft/mo)

Lumped Parameter Model

dh
SE+a(h—h0):rij+u[

where /4 is the water level average over a month, [ L], S is the average storage coefficient (i.e.,
effective porosity, [ ]), a is the linear reservoir constant, [1/T], Ay is the linear outflow datum, 7
is the variable recharge averaged over a month, and u; is the leakage (constant during a given

year, i). Our objective here is to estimate parameters of the model, S, a, Ay, r; and u;, where i and
Jj are the year and month index, respectively.

Parameter Estimation procedure

The estimation procedure involves
the following steps.

1) Apply linear regression to
estimate the parameters, a, and h4,, using
drain flow and water level data, and the
linear reservoir model, g =a(h—h,) , by

0.3} L[]

minimizing
N 2 ..
Z(ql.j —q,)" = minimal
ij

where ¢, is the observed water level

DRAINFLOW, q, FT/MO

h,=3824.851t.

0.0

L
3825 3826 3827 3828
AVERAGE WATER LEVEL, h, FT

averaged over the basin and q is the

Figure 2.10 Regression analysis of simulated one using the lumped model.
drain flow and average water level 2) Find § and u from recessions
data in Mesila Valley, New Mexico. when » = 0. First integrate the equation
over the month
Jj+l h Jj+l Jj+l

iJ;S%dhLaj (h=h,)dt = [ udt

J-1 J-1

Then use a finite difference approach for approximating the equation and we have

At 1

h~ —h~ J+l J+l Jj+l
S| LL— 2At+a [ hdt—a | h,dt= [ udt
2 - -

1 j-1
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where At=t,—¢, . After rearranging the equation, we obtain

hio,—h,, h_,+4h +h,,
S| +—— 2At+a| - 3" ——ah, |2At =u 2At
t

2A
and
h. . +h +h
S(h—h_)+a Uit ’”)—hu 2At=u2At
J J 32
If we let

x=(h ~h) and

y_a[(h” +h+hy,,)

—h, |24t
3.2

we have a linear equation
y=o0x+ Bi
where oo =—Sand B, =2u,Ar. Since x and y are known from data and previous parameter

estimation, a linear regression determines the values of a and 3, .

3) Find recharge r from integrated equation with 7 #0

j+1

‘ At
S(h].+1 —h,, ) +a J. (h—h,)dt —2uAt = ?(ri—l +ar +r,,, )

j-1
The left-hand side of the equation is known because of the previous estimates of the parameters,
S, a, and u, and the data of 4 at different times. The right-hand side contains the unknowns,
which represents the recharge at different months. As a result, we have a system of linear

equations for 7; at different months, which forms a tri-diagonal matrix.

4) Results: §=0.21,a=0.0812 / month (7} = 2.59 month)
Recharge pattern figure 7C.
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Figure 2.11 a) Simulated and observed water level, b) simulated and observed
drain flow, ¢) observed river diversion and estimated groundwater recharge.
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Lumped Parameter Models for reactive Chemicals

Unsteady Flow
1. Water balance:
a7
2. Chemical mass balance of water phase:
dhC .
n7—C88—Cq—S if g,=¢,=0
p = constant

S = sink or source term
Chemical reactions, representing ion exchange (adsorption and desorption)

Consider a unit volume of porous media.

Vol. fraction of solid=1—-n
If we define the density of solid as

MS
Ps = v,
and the bulk density of the porous medium is
A
b VT

The relationship between the bulk density and solid density is
M V.

_ s/ s __ Ps Z(l—n)ps
V,/Vs  1(1-n)

Ps

Now, let Cg be the concentration of chemical & in the solid, which is the ratio of mass of a to
the mass of solid, [ppm].

Mass Balance for Solid Phase:

Change of mass in solid phase perV; = net mass of a removed from or added to the fluid per V7,

For a unit volume of a porous medium, the mass balance equation for the solid phase is

dps(1-n)C;

=n
i pY
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where y is the reaction rate constant, [1/T]. The equation can also be written in
terms of the bulk density as

dp,Cs

=n
i pY

Dimension analysis of the equation yields

LA A RLA A
VT MS T VT I/w TMW

or

Py dCs _

np dt

Now, we need to relate the concentration in the solid phase to the concentration in the liquid
phase. Two types of chemical reaction models are considered.

(1) Equilibrium Model. This model assumes that the chemical reaction time between
the solid and liquid phase is instantaneous or in other words, the chemical reaction time is much
smaller than groundwater residence time (the time for groundwater traveling through a unit
volume of a porous medium). The common equilibrium model used is the linear isotherm
model:

M M || M
CS — aC o — w a

MS MS MW
which assumes that the concentration in the solid phase is linearly proportional to the
concentration in the liquid phase. In the equation « is a dimensionless partition coefficient,

C and C; are the concentration of a in fluid and solid phase, respectively. This equation leads to
dCy 4 ac
dt dt
Therefore, the mass balance equation can be rewritten in terms of the concentration in the liquid
phase:
p,adC p,  dC
b _Tbg ——
npdt n dt
where K, is the distribution coefficient, i.e.,

kes e

Using the result of the above analysis for the sink or source term, S = nAy in the mass balance

equation for a, we have
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dt nh nh ° on dr

Rearrange the equation yields
1+&Kd E+£C:iCS
n dt nh nh

If we define the retardation factor as

R=1+2g

n
which is a dimensionless parameter, then we have
dC ¢ c__¢t

—+—C=——-C,
dt  nhR nhR
If we further define a chemical retention constant,

€
" nhR’
it’s reciprocal is the chemical retention time, 7.,
nhR
tcr =
€

The effect of the chemical reaction, R>1, is to increase the chemical retention time. If R=1, a
conservative chemical, its chemical retention time is the same as the groundwater retention time.
For chemicals that can undergo both decay, adsorption, and desorption, the mass balance
equation is

a, (k, +k)C=k,C,
dt

The overall effect of chemical reaction between solid and liquid pahse and the chemical decay is
increasing the chemical response time.

(2) Non-Equilibrium Model. This model considers chemicals that do not react with solids
instantaneously, or its chemical equilibrium time is much larger than the groundwater retention
time. In this case, the mass balance for the solid phase, assuming a first-order reaction, is given
dC,

=p(C-C
where f is the first-order reaction rate, [1/T], and C, denotes the equilibrium concentration in
liquid phase. That is,
C
C,=—=  or Cy=aC,
a
Subsequently, the mass balance equation for the chemical in the liquid phase is

d£+ic=icg_%(c_&j
dt nh nh np a
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To determine the chemical concentration in either solid or liquid phase, the mass
balance equations for the solid and liquid phases have to be coupled and solved simultaneously.

EJ{/{, +&BjCzerg gl
n

dt p pn a
dCy +ECS =BC
t a

Use Laplace Transform to solve the system of equations.
The non-equilibrium model (1* Order) is basically a linear model that has a time varying

reaction rate. Consider the model,
dC,

=B(C-C
s —ple-c)
where C, = C,/a. Using this relationship, the mass balance equation can be rewritten as
dc, B
+—=C,=BC
d a’ P

For a given chemical concentration in the liquid phase, the concentration in the solid phase is

Ci(t)= aC(l — e_gt]

if C,(0)=0. Based on this equation, at t approaches infinite, the model essentially becomes an

equilibrium model:
Cs(©0)=aC

A

C.(1)

»
>

t (0%)

Figure 2.12 Evolution of the solid concentration as a function of time
in a first-order non-equilibrium reaction model.
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If we reexamine the problem in a different way, for a given =/ ", the solid
concentration is related to any liquid concentration, C, by

By
Cy(r') = a(l—e 2 jc
which can be rewritten as
C(")=aC
In this case, the reaction constant, A, is a time-dependent variable. However, at any given time,

the model for the reaction between the solid and liquid phase is merely a linear one as illustrated
in Figure 2.10.

A t=c0

t=4
t=3
t=2
t=1

C.()

C, c, C

>

Figure 2.13 A schematic illustration of the relation between Cs(t) and a given C
in the liquid phase of a linear non-equilibrium model as a function of time.
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Two Site Model:

dC p,dCy  p,dCy
dt np dt mp dt

The first site assumes an equilibrium model
Cg,=aC

which leads to

dCy, dC

dtdr
The second site assumes a non-equilibrium model,
d Cs2 — B(C _ &j

dt a

After combing these equations, the equation for the mass balance of the chemical in both liquid
phase and solid phase are:

@+&ﬁygﬁiiﬁgﬁ+hczhg

+kC=kC,

pn )dt np dt
dc;, :B[ . c_j
dt a

These two equations have to be solved simultaneously.
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Non-Equilibrium Lumped Parameter Model

nCal0tOulrDalll OrfelcChOalrOglel]
‘ allrOJt0i0f0i0cOi0alld Or0eldcOhCa

dmhC _ Jo 4qC —q C —qC —ﬁﬁ_&k,(c —ﬁ)
dt ‘< o a

pUulmUpl]
4Cs :k( _&)
dr ' a

-

Where g = the bulk density (1 —n)

k- = reaction constant

Rearrange terms; the system of O.D.E. becomes

dc +(£+&krjc :RCR 4+ A kr CS

dt \unh Yo nh  pn = a
4C; +£CS:kVC
dt a

where R =&+q, —> netrecharge, and we assume C, =C,

Let k, =£+&k,,
nh np
d—C+keC _RG, +£ k, Cs
dt nh pon = a
4C; +k—’Cs =k.C
dt a

Let C(0)=C,when r=0
C,(0)=Cs,
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Use Laplace Transform,

() = SEW)-A0), let FEC) =Y
75 (Cs) = Ys

SY —C(0)+k,Y =R—CRG) Ay
nh \S/ npa

SY, —cs(o)+ﬂys =k Y
a

Solve these simultaneous equations.

l(RCRj +C S +CO[RCRJ +2 (RCRJCSO
Y—S anh nh np\ nh
o 2
{SZ +(ke +ﬁjs LRk _an [krz H
a a np\ a
Let 4 =RCR p=£2 »p =k, +£
nh np a
2
B :[@_@@D
a np\a
A1
(—)—+C0(S +4)+BAC,
y=~a’/8 _ —D++D*—4E

(S2 +DS+E) X 5



_4 1 N C,(S+4) . BAC
a S(S +x)(S +y) (S +x)(S +y) (S +x)(S +y)
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A 1 —-xt -yt -yt _ . -xt Al e
C = [ ye xe )j+co(ye xe " (

T a E_xy(x—y)_xy(x—y y —X

-xt _ -yt
BAC, (e ‘ j
y—X

—xt_e—yt)
=
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Sensitivity and Uncertainty Analysis (First-Order Approximation)

Using the Taylor Series expansion, a nonlinear function can be written as

first order )

Fx+Ax)= f(x)+ Axf'(x) +Ax7f”(x)+...

higher order
A first-order approximation retains the zero™ and second-order terms of the Taylor series
expansion such that
f(x+Ax)= f(x)~Ax f'(x)
If we say that x is the mean of a parameter of a function and o, is the perturbation (uncertainty)

of the parameter, we can use the 1% order analysis to determine the uncertainty of a output
associated with the uncertain input. If'y is the output of a system with an input with uncertainty,

y=f(x)

the mean of the output is assumed to be

E[y]~f(n.)

This assumption is strictly valid if fis a linear function. If we express the input as mean plus the
perturbation:

x=pu +x'

where p =FE [x] and E denotes the expectation. According to the first-order approximation of
the output, we have

d)
y(x)= B+ D (v-n)
dx .
in which the derivative of fis evaluated at the mean value of the parameter and it is called the

sensitivity of the output to the change in the parameter value. Then, the variance of the output is

given as
E{lv-£DT] =% E[(r-u,) |

and can be simplified to

2
c'y= [ﬂ J o'x
“X

dx

Based on this first-order analysis, one needs to find the derivative of the function, evaluate it at
the mean parameter value, and use the equation to obtain the variance in output.




stream tubes
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Verification of the Well-Mixed
Assumption  for  Stream-
Aquifer Systems.
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If C s 1s released simultaneously over the water table, which contaminant particle will arrive at
the stream?

The one close to the stream.
The one far away from the stream will arrive later.

Based on this logic, the “average concentration” at x = 0 as a function of time, if a step
input is applied should be:

C _ This behavior is
similar to the solution
obtained from the
well-mixed, lumped
parameter model.

0 I t

A rigorous
analysis requires steady flow to be solved.

é’[K é’h)+ é’(K é’h)zg
ox ox oz oz
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and free-surface boundary conditions

K (é’hjz (é’hjz é’h( gj £
—l|—=] +|—| —|1+—|+— =0
Ox oz oz K K

ne
and
q. :_Kﬁ:() at x =1L
Ox
h=h, atx=0

and at seepage face h=z
If we neglect dispersion % no mixing between tubes % piston type displacement

Use FREESURF

ead distribution
stream lines
stream tubes

Displace each slug of contaminant, then average the concentration at x = 0. This
concentration is the outflow concentration from the aquifer.

Alternative:
To approximate the streamline:

Approximate shape of the water table.
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&<
h—h =—-x(2L —x
TR o

where T =Kh,

This equation is derived based on the Dupuit Assumptions, i.e., horizontal flow.
We will assume this is the W.T. shape that has vertical flow.

Horizontal Component (Specific Discharge)

__K___K 5(/1 h)
e(L )

0

q,

Vertical Component

q. — k2

Iz We cannot use this approach because eq. (1) is
z-independent.

From Continuity Eq. (Steady Flow)

q. = jé’qx dz —j—dz_

Coordinate of any particles on the front.
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* *

4
Vertical velocity === -

Solution:

Z* _ Ae— 8t/nho
when ¢ =0, i.e., when the contaminant is introduced

h@):A
z*(x,t) _ h(x)e_gt/"h”

vertical position at ¢ of the
particle released at x, or h(x)

X - coordinate

1)

nh,

dx’ g,

dr

Solution

(L—x")=Ae""

atr=0, x'=rx, = A=L-x,
(L =x")=(L —x, e

x' =L +(x, — L)

The time required for a contaminant particle to leave the aquifer:

ie, x =0 L::(L__xo)emhh

nh [ L j
or t=—%h
g L—x,
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Recall

() =h(ee N

where f, =
E

and

h()=h, =g QL =) =gz [E (@~

and (L _xo):(L _x*)e—z/tc
Z*(xo,t):{ﬁ[l} —(L _x0)2:|+ho}e—t/té

={£[L2 —(L —x*)2 e 2 ]+h0}e_’/t‘

Z*(t):{ﬁ[]j _ [ ]_'_ho}e—t/tc

now let x~ =0

or

2
Z*(t)z{%[l e ]+1}hoet/“

This is the vertical position of the front at x = 0. Exit vertical position.

—

==X - - L __ /.
z(2) - --—- - - -
z3) [~ — - - = — —_ - - - — =

Simplification



gl’
Let x=L tocheck th itude of
€l X O chec € magnitude o 2Th0
A =h(x)—h, =55
©oar
M _ el
ho 2Th,
L2
if h, >> Ah = 28 <<
Now recall
* - h
z*(x,t)=h(x)e e where _ I,
&
and

h(x)—ho =%(2L —x):%[Lz —(L —x)z]

(L _xo):(L —x*)e‘l/ff

Therefore, the vertical position of a particle that originated at x, is:

and

( 3

Z*(xo,t):< %[L 2—(L —X0)2]+h0 [ -

Now let x* =0 at the stream-aquifer interface:
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(a)

(b)

(c)
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(t)—{iLT (1—e")+h, }

This is the vertical position of the frontat x =0 at any 1.

This implies that:

2 (t) =h, el

— Averag

e

Outflo

—contaminated we w
Conce

ntratio
interface

n at the
\ )/0 \ freshwater
N\ \ \

Stream

hC=(h,—2")C, +7°C,

where C = average concentration in outflow
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Ct)=~C, (1—e")

similar to the solution of M.B. equation for a step input.



— Average Concentration in the Aquifer

Ch(x)z(h(x)—z*(x,t))Cg

c :lj.Cg(h(x)—z*(x,t))dx

Ly h(x)

=%ch(1 %jd

0

c(t)=C,(1—e")

©Yeh-L02-1
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Dimensionless Analysis of one-dimensional transport equation for reactive solutes.

oC oC o’C oC
——4suy—=pD —_(1- )=—
e el Gl b
oC
1- f)—=vy(C -C
(1- 1) =1(c-0)
X ut
Let n=—, 1=—
e L N L
oC oC D\ o*C oC
e qc (D) pic
T On ul ) on ot
oC, L
(1-nS2-Hig-c)
T u

or
oC oC (D\YoC (L au\o’C (L
ot 0n ul ) on u ul ) on u

Ifwelet u"=Ly= [é}
T

we then have

oC , oC _ (ajazc _ [“_*J(cl o)

o on (L) \u

For a given concentration, C, in the liquid phase, the concentration in the solid phase is
Ly

C,=Ce ")




